ON A THEOREM OF MACAULAY ON COLONS OF IDEALS* 



J. K. VERM A 



Dedicated to my teacher William Heinzer 

Abstract. Let R be a polynomial ring over a field of dimension n. Let m be the 
maximal homogeneous ideal of R. Let / be a complete intersection homogeneous ideal 
of R minimally generated by polynomials of degrees d^,d2, . . . ,d n . F. S. Macaulay 
showed that for all integers i — 0,1, ... ,6 + 1, I : m l = I + m s+1 ~ l where S = 
d\ + di + . . . + d n — n. We provide a modern proof of a generalization of this result 
to standard graded Gorenstein rings. 

In §86 of his monograph of 1916, F. S. Macaulay proved the following 

Theorem 1.1. Let R be the polynomial ring k[Xi,X 2 , . . . ,X n ] over a field k. Let I 
be a height n ideal of R generated by homogeneous polynomials fx, fa, . . . , f n of degrees 
di, d 2 , ■ ■ ■ , d n respectively. Set m = X 2 , . . . , X n )R and 5 = d\ + d 2 + . . . + d n — n. 
Then for all integers i = 0,1, . . . ,5 + 1, 



I : m i = I + m s+1 - i . 

In his expository paper P. Griffiths used Macaulay's theorem in Hodge theory of 
smooth hypersurfaces in projective space. He also provided a proof of this theorem by 
using the local duality theorem in the complex case involving the Grothendieck residue 
symbol. The objective of this note is to provide a modern algebraic proof which seems 
to be lacking in the literature. We will generalize Macaulay's theorem to m-primary 
ideals in standard graded Gorenstein rings. 

By taking the quotient of R by I, it is enough to prove the theorem for standard 
graded Artinian Gorenstein rings. 
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A crucial result used in our proof is a theorem of Macaulay about Hilbert series of 
Gorenstein graded algebras. For a modern proof, see Corollary 4.4.6 of |BH| | . This has 
been generalized to Gorenstein graded rings over Artinian rings in |TV|. We shall use 
the zero dimensional case of this. We recall the statement for the convenience of the 
reader. Let £{.) denote length. 

Theorem 1.2. Suppose that S = (B™ =0 S n is a standard graded Artinian Gorenstein 
algebra over an Artinian local ring Sq. Let 8 = max{n | S n ^ 0}. Then £(Si) = £(S$-i) 
for all i = 0,1, ... ,5. 



We recall certain standard facts from ||BH|| about local cohomology. Let R = ©^L i? n 
be a d- dimensional finitely generated standard graded algebra over a Noetherian local 
ring R . Let m denote the irrelevant ideal ®^ =1 R n . The a-invariant of R is defined by 



a(R) = max{n| [H*{R)] n ? 0}. 

If R is Cohen-Macaulay and / is a homogeneous nonzerodivisor of degree d then 
a(R/fR) = a(R) + d. If R is a polynomial ring over a field in n variables then 
a(R) = —n. Thus If f = (/i, f 2 , ■ ■ ■ , f n ) is a regular sequence in a polynomial ring 
with deg(/j) = di for alH = 1,2, ... ,n then a(R/f) = d\ + d 2 + ■ ■ ■ + d n — n. This 
explains the value of S in Macaulay's theorem. 

Theorem 1.3. Let (R,xn) be an Artinian Gorenstein local ring. Let I be an m-primary 
ideal. Put H(I,n) = £(I n /I n+1 ). Let 5 = m&x{i\P ^ 0}. Then 0:1* = I^ 1 ^ for all 
i = 0,1, ... ,5 if and only if H(I, i) = H(I, 5 — i) for all i = 0,1, ... ,5. 

Proof. Since R is Gorenstein, it is the injective hull of its residue field. Hence by 
Matlis duality £(Rom(R/P, R)) = £(R/P) for all i. Since I 5 ^ C (0 : P) and 
£(Eom(R/P, R)) = £{0 : P), we conclude that : P = I 5 ^ for alH = 0, 1, . . . , 8 if and 
only if £(R/P) = ^I 5 ^) for all % = 0, 1, . . . , 5 if and only if H(I, 0) + . . . + H(I, i) = 
H(I, 8 — i) + ... + H(I, 8) for alH = 0, 1, . . . , 8. It is easy to see that the last statement 
is equivalent to the condition H(I, i) = H(I, 8 — i) for all i = 0,1, ... ,8. 

□ 

Corollary 1.4. Let R be a standard graded Artinian Gorenstein ring over an Artinian 
local ring (S, n). Let m be the graded ideal of R generated by elements of positive degree 
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with mV and m 5+1 = 0. Then for all i = 0,1, ... ,5, 

: m * = m 5+1 ~\ 

Proof. Since i? is standard, the associated graded ring of R with respect to m is R 
itself. Since R is Gorenstein, its Hilbert function is symmetric by [|JV[ . 



□ 

Example 1.5. We present an example due to U. Storch which shows that Macaulay's 
theorem is not valid for Gorenstein local rings. Let k be a field of characteristic 2. Let 
X and Y be indeterminates. Put R = k[X, Y]/I where I = (X 2 + Y 2 , X 2 + XY + Y 3 ). 
Then R is a Gorenstein local ring. The Hilbert series H(G, A) = J2^o /m l+1 )\ l of 
the associated graded G of R with respect to its maximal ideal m is given by 

H{G,X) = 1 + 2A + A 2 + A 3 . 
Thus the Hilbert function is not symmetric. Hence Macaulay's theorem does not hold 



for R by Theorem 1.3 



Acknowledgement : The author thanks U. Storch and B. Singh for useful conversa- 
tions. 

References 

[BH] W. Bruns and J. Herzog, Cohen-Macaulay rings, revised edition, Cambridge Studies in 
Advanced Mathematics, 39. Cambridge University Press, Cambridge, 1998. 

[G] P. A. Griffiths, Complex analysis and algebraic geometry, Bull. Amer. Math. Soc. (N.S.) 1 
(1979), no. 4, 595-626. 

[JV] B. Johnston and J.K. Verma, On the length formula of Hoskin and Deligne and associated 
graded rings of two-dimensional regular local rings, Math. Proc. Cambridge Philos. Soc. Ill 
(1992),423-432. 

[M] F. S. Macaulay, The algebraic theory of modular systems, Cambridge University Press 
(1916), reissued with an introduction by P. C. Roberts (1994). 

Department of Mathematics, IIT Bombay, Powai, Mumbai, India - 400076 
E-mail address: jkv@math . iitb . ac . in 



3 



